Abstract: Generalizations of Ostrowski type inequality for functions of Lipschitzian type are established. Applications in numerical integration and cumulative distribution functions are also given.
Introduction
In [10] N. Ujević obtained the following perturbed Ostrowski type inequality. In [11] , the same author proved the next result. 
and
where S = (f (b) − f (a))/(b − a).
All (1.1)-(1.3) have been used to get the tighter error bounds for the midpoint, trapezoid, and Simpson quadrature formulas in numerical integration, respectively.
In this paper, we shall generalize Theorems 1 and 2 to functions of some larger classes. Applications in numerical integration and cumulative distribution functions are also given. For convenience, we define functions of Lipschitzian type as follows:
where l, L ∈ R with l < L.
We will need the following well-known results.
Main results
Our main results are as follows.
It is easy to find that the function g :
2 . So, the Riemann-Stieltjes integral b a p(x, t)dg(t) exists. Using the integration by parts formula for Riemann-Stieltjes integral, we have
By Lemma 5 we have
It is not difficult to find that ( see [5] )
and so from (2.7) and (2.8) we get (2.9)
Consequently, the inequality (2.1) follows from substituting (2.5) to the left hand side of the inequality (2.9). Now we proceed to prove the inequalities (2.2) and (2.3). Put (2.10)
It is easy to find that both
So, the Riemann-Stieltjes integrals b a p(x, t)dg 1 (t) and b a p(x, t)dg 2 (t) exist. Using the integration by parts formula for Riemann-Stieltjes integral, we have
Then by Lemma 6 we can deduce that
Notice that
and from (2.11), we get (2.14)
and (2.15)
Consequently, inequalities (2.2) and (2.3) follow from substituting (2.10) to the left hand sides of (2.14) and (2.15), respectively. Corollary 1. Under the assumptions of Theorem 7, we have
Proof. We set h = 0 in the above theorem and utilize
Remark 1. If we set x = (a + b)/2 in Corollary 1, then we get corresponding mid-point inequalities.
Corollary 2. Under the assumptions of Theorem 7, we have
Proof. We set h = 1 in the above theorem and utilize
Corollary 3. Under the assumptions of Theorem 7, we have
and (2.26)
Proof. We set h = 1/2 in the above theorem and utilize
Remark 2. If we set x = (a + b)/2 in Corollary 3, then we get corresponding three point inequalities ( i.e. the average of a mid-point and trapezoid type rules ). 
Proof. We set h = 1/3 in the above theorem and utilize
Remark 3. If we set x = (a + b)/2 in Corollary 4, then we get corresponding Simpson's inequalities. 
and (2.33)
Proof. We get inequality (2.32) and (2.33) immediately by taking l = −L in (2.1) and (2.2).
Applications in numerical integration
We restrict further considerations to the perturbed three point rules. We also emphasize that similar considerations can be done for all quadrature rules considered in the previous section.
Theorem 9. Let all the assumptions of Theorem 7 hold. If I n = {a = x 0 < x 1 < · · · < x n = b} is a given subdivision of the interval [a, b] and
The remainder term satisfies
where
Proof. Apply Corollary 3 to the interval [x i , x i+1 ], i = 0, 1, 2, · · · , n − 1 and sum. Then use the triangle inequality to obtain the desired result.
Remark 6. If we set ξ i = (x i + x i+1 )/2 in Theorem 9, then we get corresponding composite rules which do not depend on ξ i .
Remark 7. Note that we can apply quadrature rules in [10] and [11] only if f ∈ C 1 [a, b], while we can apply here if f is (l, L)-Lipschitzian. Hence, the above obtained result enlarges the applicability of the quadrature rules.
Applications for cumulative distribution functions
Now we consider some applications for cumulative distribution functions. Let X be a random variable having the probability density function f : [a, b] → R + and the cumulative distribution function F (x) = P r(X ≤ x), i.e.,
E(X) is the expectation of X. Then we have the following inequality. 
Proof. It is easy to show that the function
and (4.6)
then we can easily deduce inequalities (4.1)-(4.3).
Corollary 5. Under the assumptions of Theorem 10, we have 
Proof. We set h = 1/2 in the above theorem.
Corollary 6. Under the assumptions of Theorem 10, we have 
Proof. We set x = Proof. We set x = a or x = b in Corollary 5.
Remark 8. Similar results can be obtained when set h = 0, 1 or 1/3 in the above theorem.
